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Let K be a compact subset of the complex plane C, and let p be a finite, positive 
Bore1 measure on K. Define R”(p) to be the weak-star closure in L”(p) of the 
algebra of rational functions with poles off K. For.fe R”(p), we consider A”(J; p), 
the weak-star closure in L”(p) of the algebra generated by R”(p) and the complex 
conjugate f of ,K A problem which arises in connection with subnormal operators 
is to determine for which /E R”(p), A”(,f, n) = L”(p). We obtain a characteriza- 
tion of A”(f, p) as precisely the functions in L”(p) which belong to Rr(n,) for 
every restriction of n to a level set E of-f of positive measure. This characterization 
gives a solution to the problem above. fi: 1989 Academx Press. Inc. 
1. INTRODUCTION 
Let K be a compact subset of the complex plane C, and let p be a finite, 
positive Bore1 measure on K. Define R(K) to be the uniform closure in 
C(K) of the rational functions with poles off K, and ROO(p) to be the weak- 
star closure of R(K) in Loci(p). Given an feR”(p), we wish to study 
A”(& p), the weak-star closure in L”(p) of the algebra generated by 
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RC4(p) and3, the complex conjugate off. More precisely we would like to 
address the question of when A”(f, p) = L”(p). While this question is 
purely a function-theoretic problem, it has been shown in [S] to have an 
equivalent operator-theory formulation. The equivalence is given by the 
following theorem. 
THEOREM [S]. Suppose K is a compact subset of C, ,u is a measure on 
K, antlf E R”(p). Then A”(f, p) = Lm(u) tfand only ifwhenever S is a sub- 
normal operator whose spectrum is a subset of K and for which u is a scalar- 
valued spectral measure, and whenever N is a minimal normal extension of 
S, then f(N) is a minimal normal extension of f(S). 
An analogous equivalence for the weak-star closure of the polynomials 
on K was given in [4]. 
Towards stating our main theorem, we fix K and p, and f e R”(p). Let 
a,, a2, . . . be the values assumed by f on subsets of positive p-measure. 
There are at most countably many ai’s, and there may be none at all. Let 
pj be the restriction of ,D to the level set (f = aj} off, and define pL, to be 
the singular component of ,D with respect o 1 pji, so that 
expresses p as a sum of pairwise singular measures. Since f is constant as 
far as each pi is concerned, we have 
where we identify R”(uj) with a subalgebra of L”(u) of functions equal to 
0, (p-pj)-a.e., and the functions in L”(p,) are viewed as vanishing pj-a.e. 
for all j 2 1. With this notation our main theorem is stated as follows. 
THEOREM 1. Let K, u, andf E ROO(u) be as above. Then 
In words, a function g E L”(u) is weak-star approximable by polynomials in 
R(K) andf if and only if the restriction of g to each level set off of positive 
p-measure is weak-star approximable by R(K). 
It may occur of course that f is nonconstant on each set of positive 
p-measure. Then there are no a,‘s, the summand corresponding to the pj’s 
is absent, and we obtain the following corollary, which can be regarded in 
some sense as an extension of the Stone-Weierstrass theorem. 
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COROLLARY 1. If f~ R’“(p) is nonconstant on any set qf’ positive 
,a-measure, then A”(,f, p) = L”(p). 
We also obtain the following corollary, which includes Corollary 1, 
immediately from Theorem 1. 
COROLLARY 2. A”(f, p) = L”(p) if and only if RW(pE) = L”(p,) for 
each Bore1 set E on which f is constant a.e. (dp). 
While we have stated Theorem 1 only for the algebra R(K), the same 
theorem is valid for any T-invariant algebra A on K, with RCO(p) replaced 
by the weak-star closure of A in L”(U). For instance, the theorem applies 
to the weak-star closure of the algebra A(K) of functions continuous on K 
and analytic on the interior K” of K. For background on T-invariant 
algebras, see [3] or [6]. 
Simple examples show that neither Theorem 1 nor its Corollary 1 
extends to the context of several complex variables. Indeed Corollary 1 fails 
for the bidisk algebra, with p the Haar measure on the distinguished torus, 
and f(z, , z2) = zi the coordinate function. 
2. PRELIMINARIES TO THE PROOF 
Before proving our main theorem, we separate out a few preliminary 
results, most of which can be found in [2], or also in [3] or [6]. 
The envelope of ,a with respect to K, denoted by E(K, p), is defined to be 
the set of all points in K at which the evaluation functional is weak-star 
continuous on R”(p). In other words, zO E E(K, p) if and only if zO E K and 
there is a measure q 4 p such that g(z,) = s g dq for all gE R(K). For 
g E ROO(p) we denote by i(zO) = J g dp the weak-star continuous extension 
of the evaluation functional to g. The correspondence g + g is then a 
homomorphism of R”(p) onto an algebra of point functions on E(K, p). 
Three specific results which we require are as follows. For proofs, 
see [2]. 
PRoP~SITI~N 1. If r] 4 p is such that q -L R”(p), then for dx dy-almost 
all z E C\E( K, p) we have 
5 1 - dq( w) = 0. w-z 
In other words, the Cauchy transform of such an q vanishes dx dy-a.e. off 
E(K ~1. 
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PROPOSITION 2. Zf g E ROO(p), and z0 E K, then there is a bounded 
sequence (g,} in Rm(p) such that g, -+ g pointwise a.e. (dp), and each g, 
is analytic in some neighborhood of z,,. 
PROPOSITION 3. Zf g E R”(p) is analytic in some neighborhood of zO E K, 
then [g - g(z,)]/(z - zO) belongs to Rm(p). 
Finally, we require a useful tool from [ 11. 
BO T Criterion [ 11. Let q be a measure, and let S be a convex subset 
of L”(p). Then a function g E L”(p) belongs to the weak-star closure of S 
in LX’(p) if and only if g lies in the weak closure of S in L’(v) for all 
measures v which are absolutely continuous with respect o ‘I. 
3. PROOF OF THE MAIN THEOREM 
With the help of a series of lemmas we will establish first Corollary 1, 
then we will use this result to prove Theorem 1. 
LEMMA 1. Zf u is a bounded Bore1 function on the essential range off, 
then the composition u0 f belongs to A”(f, p). 
Proof If u = p(z, Z) is a polynomial in z and 5, then uo f = 
p(f, f) E A”(f, cl). In view of the Stone-Weierstrass theorem, we obtain 
uo f E A”(f, p) whenever u is continuous on the essential range off, 
Approximating an arbitrary bounded Bore1 function appropriately by 
continuous functions, and passing to weak-star limits, we obtain the 
lemma. 1 
LEMMA 2. Let z0 E E(K, p). Zf v 6 p and l/(z - zO) E L’(v), then 
f -J;(ZO)ER’(V) 
z-z0 
ProoJ: Here R’(v) is the closure of R(K) in L’(v). Asf~ R”(p) we can 
apply Propositions 2 and 3 to obtain a bounded sequence {f,) in ROO(p) 
which converges pointwise a.e. (dp) to f, such that eachf, is analytic in a 
neighborhood of zo, and [f, - f,,,(z,)]/(z - zo) E R”(p). Since point 
evaluation at z. is continuous, we also have fm(zo) -f(z,). As { fm} 
is pointwise convergent a.e. (dv) and uniformly bounded, and 
l/(z -- zo) E L’(v), it follows that [fm - f,(z,)]/(z - zo) converges to 
Cf -.f(zo)ll(z - zo) in L’(v). I 
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LEMMA 3. Let M he a compact subset of C and W =,f ‘(M). Suppose 
z. E E(K, p) satisJi:es f(z,) 4 M. If‘ v 4 p and l/(z - zO) E L’(v), then 
Proof: Here xw is the characteristic function of W. Since W is defined 
up to a p-null set, x W is well defined in La(p). 
As f(z,) # M and M is compact, the function 
u(w) = x.44M(wYcw -.ml 
is a bounded Bore1 function, and 
By Lemma 1, this function belongs to A”(f, p). Using Lemma 2 we see 
that the product 
f -.m zX-“Z,=r-%z,j z- 0
belongs to A”(f,~).H’(v)cA’(f,v). 1 
LEMMA 4. Suppose each level set {f = a) off has zero p-measure. Let 
v 6 p. Then l/(z - zO) E A '(f, v) for dx dy-almost all zO E E(K, p). 
Proof Fix z0 E E(K, p) such that l/(z - zO) E L’(v). Define 
M,= z:;< IZ-f(Z,)I <k ) { 1 
w, = f ‘(Mk). 
By Lemma 3, x,+&z - zO) E A’(v). By the hypothesis on the level sets off, 
xwk + 1 a.e. (dv). Hence l/(z-z,)~A’(v). 1 
Proof of Corollary 1. By the BOT criterion, it suffices to show that 
A’(f, v)= L’(v) for any measure v such that v<<p. Fix such a v, and 
suppose ge L”(v) satisfies g I A’(f, v). From Proposition 1 we have 
i‘ 
g(z) W) =o z-z0 (3.1) 
for dx dy-almost all z,, E C\E(K, v). On the other hand, since E(K, v) E 
E(K, p), we have by Lemma 4 that (3.1) is valid for dx dy-almost all 
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z,, E E(K, v). It follows that (3.1) holds for dx dy-almost all z0 E C. Since 
the Cauchy transform of gv vanishes, g = 0 (cf. [8]). By duality, 
A’(f, v) = L’(v). 
Proof of Theorem 1. Let xj E L”(p) be the characteristic function of the 
set {f = u,}. Since x/- is the composition off and the characteristic function 
of the singleton {u,), xi belongs to A”(f, p), by Lemma 1. Hence 
x~R”(~) c A”(f, p). It follows that C @ R”(pj) c A”(f, p), and evidently 
To complete the proof, it suffices thus to show that 
A”(f-2 CL,) = Lao(PL,). (3.2) 
For this, note that each level set off has zero /I,-measures, so that (3.2) 
follows immediately by applying Corollary 1, already proved, to pL,. i 
4. AN EXAMPLE 
It may occur that f is constant on a subset of E(K, p) of positive 
area, even though each level set off has zero p-measure. To see such an 
example, we proceed as follows, basing the construction on an example of 
A. Beurling (cf. [7, 83). 
The Beurling example, followed by an inversion, yields a compact 
subset K of C of the form 
K={lzl<2} 
where Aj’s are open disks whose closures are pairwise disjoint subsets of 
the annulus { 1 < Izl < 2}, such that the Aj’s accumulate towards the unit 
circle { Izl = 1 > and the radii of the Aj’s are summable; and furthermore a 
functionfe R(K), not identically zero, such thatf(z) = 0 for all IzI < 1. The 
interior K” of K consists of two components, the open unit disk 
A = { lzl < 1 } and a domain contained in the annulus { 1 < Iz( < 2). Fix a 
point w,, in this latter component, and let p be the harmonic measure for 
w0 on the boundary of the component. Then ,u is comparable to arc length 
on (aK)\c?A, while p has no mass on the unit circle aA. 
We claim that E(K, p) includes K”. Indeed the points of K” n 
{ 1 < ):?I < 2) are in E(K, p), since their harmonic measures are comparable 
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to p. That points of A belong to E(K, ,u) can be seen from the represen- 
tation 
which is valid actually for all z. E K” and g E R(K). Since the radii of 
the dj’s are summable, this formula produces a finite measure which 
represents z. and which is absolutely continuous with respect o ,u. 
We claim also that the level sets off have zero p-measure. For the level 
set corresponding to a #f(w,) this follows from the Jensen-Hartogs 
inequality 
For the level set corresponding to a =f(w,) we apply the Jensen-Hartogs 
inequality to [f- a]/(~ - w~)~ for appropriate k. 
Since the Beurling function f satisfies ,f = f = 0 on A, it vanishes in 
particular on a subset of E(K, cc) of positive area, even though the level sets 
off have zero p-measure. This is the asserted example. 
Corollary 1 shows that A “(f, p) = L”(p). In the case at hand, it is easy 
to obtain a better result. One can describe explicitly the uniform closure in 
C(i?K) of the algebra generated by R(K) and x It consists of precisely the 
functions g E C(BK) which extend continuously to be analytic on A. This is 
a proper subalgebra of C(aK), which is seen directly to be weak-star dense 
in L”(p). 
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